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Abstract. We use the method of induction-on-scales to prove certain diffeo- 
morphism invariant nonlinear Brascamp-Lieb inequahties. We provide appli- 
cations to the multilinear restriction theory for the Fourier transform, and to 
higher dimensional analogues of a recent convolution inequality of Bejenaru, 
Herr and Tataru. Our approach builds on work of Bejenaru et al. and Carbery, 
Wright and the first author. 



1. Introduction 

The purpose of this paper is to obtain nonhnear generahsations of certain Brascamp- 
Lieb inequalities and apply them to some well-known problems in euclidean har- 
monic analysis. Our particular approach to such inequalities is by induction-on- 
scales, and builds on the recent work of Bejenaru, Herr and Tataru [4]. 

The Brascamp-Lieb inequalities simultaneously generalise important classical in- 
equalities such as the multilinear Holder, sharp Young convolution and Loomis- 
Whitney inequalities. They may be formulated as follows. Suppose m > 2 and 
d,di,... ,dm are positive integers, and for each 1 < j < m, Bj : R'* W^^ is a 
linear surjection and pj G [0,1]. The Brascamp-Lieb inequality associated with 
these objects takes the form 

, Pi 

(1) / \\{hoB,Y^<c\\ [If, 



rt / / lit 



for all nonnegative fj E L^(M'^j ), 1 < j < m. Here C denotes a constant depending 
on the datum (B,p) :— {{Bj), (pj)), which at this level of generality may of course 
be infinite. For nonnegative functions fj E L^{M.'^^) satisfying < j fj < oo, we 
define the quantity 

BL(B,p,t) - , TTp]—' 

where f :— {fj). We may then define the Brascamp-Lieb constant < BL(B, p) < 
oo to be the supremum of BL(B, p; f ) over all such inputs f . The quantity BL(B, p) 
is of course the smallest < C < oo for which ^ holds. The generality of this setup 
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of course raises questions, many of which have been addressed in the hterature. In 
[14] Lieb showed that the supremum above is exhausted by centred gaussian inputs, 
prompting further investigation into issues including the finiteness of BL(B, p) and 
the extremisabihty/gaussian-extremisabihty of BL(B,p;f). A fuUer description of 
the hterature is not appropriate for the purposes of this paper. The reader is 
referred to the survey article and the references there. 

A large number of problems in harmonic analysis require nonlinear versions of 
inequalities belonging to this family; see [19], [13], [7], [4] and [3] for instance. We 
illustrate this claim explicitly in Section 4 of the current paper. 

The generalisations we seek here are local in nature, and amount to allowing the 
maps Bj to be nonlinear submersions in a neighbourhood of a point xq G W^, 
and then looking for a neighbourhood U of xq such that if i/) is a cutoff function 
supported in U, there exists a constant C > for which 

(2) / n fi {x)r^Hx) dx<C IK fA 

for all fj e L^{M.'^^), 1 < j < m. The applications of such inequalities invariably 
require more quantitative statements involving the sizes of the neighbourhood U 
and constant C, and also the nature of any smoothness/non-degeneracy conditions 
imposed on B. 

If dj — d for all j, then the Bj are of course local diffeomorphisms. In this situation 
necessarily X^Pj ~ ^^^^ ([2]) follows from the m-linear Holder inequality. Similar 
considerations allow to reduce matters to the case where dj < d for all j. 

The Brascamp-Lieb inequalities (|T]) possess a certain self-similar structure that 
strongly suggests an approach to the corresponding nonlinear statements by induction- 
on-scales. U This self-similarity manifests itself most elegantly in an elementary 
convolution inequality due to Ball [T], which we now describe. For inputs f and f'|3 
by Fubini's theorem and elementary considerations we have that 



BL(B,p;f)BL(B,p;r) 




Induction-on-scales arguments have been used with great success in harmonic analysis in 
recent years. Very closely related to the forthcoming discussion is the induction-on-scales approach 
to the Fourier Restriction and Kakeya Conjectures originating in Bourgain [8], and developed 
further by Wolff (see [20]) and Tao (see [16)). See also the survey article |17) . 

^For clarity of exposition we shall assume that these inputs are L^-normalised here, although 
the resulting inequality will not require this. 
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= / ( BL(B,p; (gj)) fj(/, * f^iB.x)^ ] dx 

(3) -J^' \ f=i J 

< sup BL(B,p;(gJ))BL(B,p;f*f), 

where := fj{BjX — y)fjiy) and f * f ' := {fj * /j). Notice that if f is an 

extremiser to ([T]) then we may deduce that 

(4) BL(B,p;f) < supBL(B,p;(gJ)). 

In particular, in the presence of an appropriately "localising" extremiser f (such as 
of compact support), ^ suggests the viability of a proof of nonlinear inequalities 
such as ^ by induction on the "scale of the support" of f. The point is that 
may be thought of as the function fj localised by /j to a neighbourhood of the 
general point BjX. 

Our aim now is to identify a natural class of Brascamp-Lieb inequalities ([T]) for 
which nonlinear versions of the form ([2]) may be obtained by the method of induction- 
on-scales. With the above discussion in mind it is natural to restrict attention to 
data (B, p) for which ([T]) has extremisers of the form f = (xEj), where for each j, 
Ej is a subset of K''^ which tiles by translation. Furthermore, given our aspirations, 
it is necessary that we choose a class of data which is affine-invariant and stable 
under linear perturbations of B. These requirements lead us to make the additional 
assumption that the linear mappings B = {Bj) satisfy 

m 

(5) 0kcrSj=K'^. 

The hypothesis (O is quite restrictive; in particular, it is straightforward to show 
that BL(B, p) is finite only when pj — l/(m — 1) for every 1 < j < m. In order to 
use this hypothesis we let Xj{Bj ) e A''^(R'') be the wedge produc10 of the rows of 
the dj X d matrix Bj . By the hypothesis ([5]) , 

rn 

where ★ denotes the Hodge star. 
Proposition 1.1. Under the above hypotheses 



^ m m 

(6) I[fj (Bj x)^^dx< */\ {B, ) 

for all nonnegative fj G L^{M.'^^), 1 < j < m. 



n 



Remark 1.2. (i) Inequality ([6]) is affine-invariant and may be reduced (by 
appropriate linear changes of variables) to the case where the Bj arc pro- 
jections onto coordinate subspaces satisfying * /\J^i*Xj{Bj) — 1. In this 
situation ([6]) may be proved using a nested application of the (m — l)-linear 
Holder inequality. This proof relies heavily on the linearity of the Bj , and 



^Here A'^i (R'') denotes the dj'th exterior algebra of W^. 
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breaks down completely in the nonlinear setting. Such linear analysis in 
the context of more general coordinate subspace projections can be found 
in Finner [T2] . 

(ii) The above hypotheses are stable under linear perturbations of the mappings 
Bj. This is a natural feature given that our goal is to treat nonlinear 
perturbations. 

(iii) There are compactly supported extremisers to this inequality. As there are 
linear changes of variables which reduce inequality © to the case where 
the Bj are coordinate projections, it is straightforward to observe that 
characteristic functions of certain paralellepipeds are extremisers for ([6]). 
Such sets of course tile by translation. 

(iv) Inequality ([6]) may be viewed as a generalisation of the Loomis-Whitney 
inequality, whereby m — d and dj = d — 1 for all j . 

(v) There are other hypotheses on the data which fulfill our requirements. For 
example, one may replace ([5]) by 

m 

0cokerSj = R'^. 
i=i 

However, after appropriate changes of variables, the corresponding nonlin- 
ear inequality ^ merely reduces to a statement of Fubini's theorem, and 
in particular, pj = 1 for all j. There are further alternatives which are 
hybrids of these and are similarly degenerate. 



Since the inequality ^ is afhne- invariant, one should expect it to have a diffeomorphism- 
invariant nonlinear version. This is our main result. 



Theorem 1.3. Let p,e, k > be given. Suppose that Bj 



^ IS a 



submersion satisfying \\Bj\\Qi,i3 < k in a neighbourhood of a point xq G M"* for each 
1 < j < Suppose further that 

m 

0kerdBj(a;o) =M.'^ 



* f\irXj{dBj{xo)) >e. 

Then there exists a neighbourhood U of xq depending on at most j3,e, k and d, such 
that for all cutoff functions supported in U, there is a constant C depending only 
on d and ip such that 



(7) 



P m rn ^ „ 



for all nonnegative fj G L (R j), I < j < m 



The proof of this theorem that we present is based on [1] and provides additional 
information about the sizes of the neighbourhood U and constant C appearing in 
its statement. See Section 2 for further details of this. 
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The above theorem is a local result. It is natural to ask whether one may obtain 
global versions based on the assumption that hypothesis ([5|) holds at every point 
xq e M'' - possibly with the insertion of a suitable weight factor. Simple exam- 
ples show that naive versions, involving weights which are powers of the quantity 
* /\^^i*Xj{dBj{x)) cannot hold; see [7] for an explicit example. 

In the case where dj ~ d — \ for all j , the above theorem reduces to the nonlinear 
Loomis- Whitney inequality in [7]. It is worth noting that the result of [7] requires 
the stronger hypothesis that Bj S rather than merely Bj S C^'^ for some /? > 0. 
The proof of the result in [7] is quite different from the proof we give here, and is 
based on the so-called method of refinements of M. Christ ■llj. It is likely that 
the method of refinements may also be used to prove Theorem ll.3l We make some 
further remarks on the role of the smoothness of the mappings Bj at the end of 
Section 3. 

Remark 1.4. Notice that if f is an extremiser to ((H then we may also deduce 
from dSl) that 

(8) BL(B,p;f) < BL(B,p;f*f'). 

This inequality suggests the viability of a proof of nonlinear inequalities such as Q 
by induction on the "scale of constancy" of /. Certain weak versions of inequality 
([2]), where the resulting constant C has a mild dependence on the smoothness of 
the input f, have already been treated in this way in [6] (see Remarks 6.3 and 6.6). 

In certain situations, ([8]) leads to the monotonicity of BL(B, p; f) under the action 
of certain convolution semigroups on the input f. In the context of heat-flow, this 
observation originates in [TU] and [S]; see the latter for further discussion of this 
perspective. 

The proof of Theorem ll.3l proceeds as follows. In Section[2]we show that by making 
appropriate changes of variables it suffices to consider the case where the linear 
mappings dBj(xo) are certain coordinate projections. Although this reduction is 
not essential, it does lead to some conceptual and notational simplification in the 
subsequent analysis. The proof for such mappings rests on an induction-on-scales 
lemma which is proved in Section [3l Our approach to this induction-on-scales 
lemma builds on work of Bejenaru, Herr and Tataru [4]. 

In Section 4 we provide applications to two closely related problems in harmonic 
analysis. 



2. Preparation 

We shall assume that we are given the setup of Theorem ll.3l Next, we fix 1 < j < to 
and introduce some notation. Firstly, define 

/Cj = {rf; + . . . + d'j_^ + 1, ...,< + ••• + + d'^} 

where d'j denotes the dimension of the kernel of dBj{xo)- Now select any set of 
vectors {ak : /c G /Cj} forming an orthonormal basis for the orthogonal complement 



6 



JONATHAN BENNETT AND NEAL BEZ 



of the subspace spanned by the rows of dBj{xo). By definition of the Hodge star 
and orthogonahty considerations it follows that 

(9) -kXj{dBj{xo)) ^\\Xj{dBj{xQj)\\j^d^^^^^ A 

Here, || • |lA'*3 (R£i) ■ A'*j (M'^) — > [0, oo) is the norm induced by the standard inner 
product (■, : A^j (R'') x A''^ (M'') -> M given by 

(mi A • • • A Udj, wi A • • • A i'rfj)A''3(Rd) = det((M/c, w;))i<fe,i<dj. 

Let A be the d x d matrix whose ith column is equal to for each 1 < i < d. Let 
Ilj : IR'^ be the matrix whose fcth column consists of zeros whenever k G ICj 

and is such that upon deleting such columns one obtains the dj x dj identity matrix. 
Finally, let Cj be the dj x dj matrix given by 

Cj =dBj{xo)A,, 

where Aj is the d x dj matrix obtained by deleting from A the columns ak for each 
k ^ fCj. 

Then, by construction, the map Bj : M.'^ R'^j given by 

B,{x)^Cr^B,{Ax) 

satisfies 

(10) dBj{xo) = C^^dBj{xo)A^nj, 

where xq — A^^xq. The matrices A and Cj are invertible by the hypothesis ([5]) and 
since Bj is a submersion at xq. We shall see that Theorem II .31 is a consequence of 
the following proposition. Before stating this result, let us denote by Q{x, R) the 
axis-parallel cube centred at x S R'* with sidclcngth equal to R. 

Proposition 2.1. Suppose /3, k > are given and ao,ai satisfy 1 < ao < ai < 
1 + Let 



(11) Rq = min ■ 



Crf\ i+,a-»i / mi„{„o-i, = i-=o} 



Suppose that Bj : M.'^^ is a C^'^ submersion satisfying \\Bj\\(ji.fi < k in 

Q{xq,Ro) and dBj{xo) = Tlj for each I < j < m. Then for Cd > sufficiently 
small, 

[ f[f,{B,{x))^^{x)dx < llV^IU^lO'^exp I ^"'^"„7-lo I ft f / 
Jm'i fJi yi - 2-^^ J jJl ViK"^ 

for all cutoff functions ip supported in Q{xo,Ro) and nonnegative fj G L^{R'^^] 
1 < J < m. 



Before we continue, some remarks on the roles of the parameters ao and ai above 
are in order. The proof of Proposition [2ll] proceeds by bootstrapping on the scale 
of the support of the cutoff i/'- At scale R (say), the strategy is to decompose 
the relevant patch of R** into parallelepideds of sidelengths approximately R"'". 
Due to the nonlinearity of the mappings Bj, it is important to separate these 
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parallelepipeds by relatively narrow "buffer zones" of thickness approximately R°'^ . 
For R small, this may be reconciled with the condition that 1 < ao < ai < 1 + /3. 
This particular strategy originates in [1]. 



Deduction of Theorem \1.3\ from Provosition \2. 11 Let U be some neighbourhood of 
xq and ip a cutoff function supported in U . Using A to change variables one obtains 

(12) / l[f,{B,{x))^i;{x)dx = \dct(A)\ l[f,{B,{x))^i;{x)dx, 

where ip = tpoA is a cutoff function supported in A~^U and fj = fjoCj, 1 < j < m. 
Of course, we know that dBj{xo) = Hj by pil)) . Notice also that 

\\dB,ix)-dB,iy)\\ = \\Cr\dB,iAx)~dB,iAy))A\\ < CK\\Cr'\\\x - yf , 

where the constant C depends on at most d. To show that we may choose the 
neighbourhood U and the constant in the claimed uniform manner we need to 
show that suitable upper bounds hold for the norms of A^^ and each C~^. 

For A~^, we note that 

mm m 

*/\*Xj(dBj(a;o)) = [|||Xj(dBj(a;o))||A«,(Rd)*/\ f\ at 

3 = 1 i=l 3 = 1 k£Kj 

by © and therefore 



(13) 



* /\ ^X,{dB,{x^)) - det(A) W ||X,(di?,(xo))|U^,(j,.) 



Since < k it follows that 



* l\*X,{dB,{xo)) 



< C|det(^)| 



for some constant C depending on k and d. Since each column of ^ is a unit vector, 
it follows that the norm of A~^ is bounded above by a constant depending on e, k 
and d. 

For C~^, we again use ^ to write 



|det(Q)| 



X,{dB,{xo)), /\ ai 



||Xj(dSj(xo))||Adj(R<i) 



A "3 ( 



and therefore, by definition of the Hodge star, 

(14) |det(Q)| = ||X,(di?,(xo))|U.,(K.)|det(^)|. 

By m. 

e < C\\X,idB,ixo))h.,^^.,^\detiA)l 

for some constant C depending on k and d. It follows that the norm of C^^ is also 
bounded above by a constant depending on e, k and d. 
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Applying Proposition 12.11 it follows that there exists a neighbourhood U of xq 
depending on at most (3, e, k and d such that 



J[f,{B,{x))^^ij{x)dx < C\dct{A)\ H 

where C depends on at most d and ijj. Thus 

|det(A)| 



l[fjiB,{x))^^ix)dx<C 

mr=i|det(C,)| 



n 



/\*X,{dB,{x„)) 



C 



where the equality holds because of p3)l and (1141) . Theorem 11.31 now follows. □ 



n 



For the various constants appearing in the above proof, one may easily obtain 
some explicit dependence in terms of the relevant parameters. Combined with 
Proposition [2T1I this gives additional information on the sizes of the neighbourhood 
U and constant C appearing in the statement of Theorem 11.31 We do not pursue 
this matter further here. 



3. Proof of PROPOSiTiONl2.lt Induction-on-scales 



Before stating the main induction lemma we use to prove Proposition [2TT1 we need 
to fix some further notation. For each 1 < j < m and M > 0, let L\j{R'^^) denote 
those nonnegative / G L^(R'^j ) satisfying /(j/i) < 2/(j/2) whenever yi and j/2 are in 
the support of / and |yi — ^2! < M~^; that is, those / which are effectively constant 
at the scale M~^. By an elementary density argument, it will be enough to prove 
Proposition [2T] for fj e LljiW'^^), l<j< m, with neighbourhood U and constant 
C independent of AI. 

For /3, K > 0, 1 < ao < cn < 1 + (3 and G M.'^ we let B{f3, k, uq, ai, sq) be the 
family of data B such that Bj belongs to C^''^ {Q{xo, Ro)) with ||_Bj |jpi,/3 < k and 
satisfies dBj{xQ) = 11^, 1 < j < m. Here, Rq is given by (fTTj) . 

Now let C{R, M) denote the best constant in the inequality 

rn m , ^ ^ 

X{f,{B,{x))^^dx<C\{[ f, 



over all B G B{P, k, uq, ai, xq), all axis-parallel subcubes Q of Q{xo, Rq) with side- 
length equal to R and all inputs f such that fj belongs to L\,j{M.'^^), I < j < m. 



*One may easily check that if is a finite measure on R^J then Pj,'Jj^j * ^i £ Lj^j{M.'^i), where 



P^'^il denotes the Poisson kernel on M'^J at height c/M. Here c is a suitably large constant 



c/M 

depending only on dj 
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We note that the constant C{R, M) also depends on the parameters /3, k, ao and ai, 
although there is little to be gained in what follows from making this dependence 
explicit. 

Lemma 3.1. For all < R < Rq we have 

C{R,M) < (l + 10''i?^^^)C(2i?"«,M). 

Proof. Suppose B e B{P,K,ao,ai,xo), Q is an axis-parallel subcube of Q(xo,i?o) 
with sidelength equal to R and centre xq , and suppose f is such that fj belongs to 
L\i(R''^), 1 < j < m. We shall prove that 

P m m / p ^ 

(15) / n dx<{l + 10''R^)C{2R"«,M) J] / /, 

wher(0 Bj = Bj{ - + xq) - Bj{xq), Q = Q - {xq} and Jj = fj{- + Bj{xQ)). Notice 
that is invariant under the transformation (B,f, Q) i-^ (B,f, Q). Merely for 
notational convenience, we will prove (fT5|) for (B,f, Q) rather than (B,f, Q). Our 
reduction means in particular that Q = Q{0, R) and each Bj{0) = 0. 

We clarify that our normalisation hypothesis is that 

dBj{xo - Xq) ^ Hj 
for 1 < J < m. Thus, by the smoothness hypothesis, we have that 

(16) \\dBjiO)-n,\\<K\xo-XQf <^ 

for sufficiently small c^. Since 

kerllj = ({efc : k £ JCj}), 
it follows that for each 1 < k < d there exist G K*^ such that 

(17) |afe-efc|<^, 
and 

kerdBj(O) ^ {{dk : k e ICj}) 
for each 1 < j < m. Here, denotes the fcth standard basis vector in R''. 



Step I: Foliations of R'' using pull-backs of hyperplanes under the dBj{0) 

Let cr : —^ {!,..., m} be the map given by 

(y{JCj) = {{j + 1) mod to} 
for each 1 < j < ^ti. For each \ <i < d and s e R we define the set 

S(z,{s}) = di3,(,)(0)({Sfc : k ^ i}) + js rfB,(,)(0)(^^ /\ 



^The Bj and fj here should not be confused with the earlier transient use of this notation in 
Section 2. 

^As will become apparent, there is some freedom in our choice of this map; all that we require 
of (T is that J I— > <T(/Cj) is a permutation of {1, 2, . . . , m} with no fixed points. 
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and more generally, for J C M, 

S(*,J)- Us(*,{s}). 

se.J 

Since kei dB„^i-f{Q) C ({a^, : k ^ i}), we have that 

(18) dS,(,)(0)-iS(i, {s}) = ({Sfe : fc ^ z}) + |s* 

which is of course a hyperplane in M"^ for each s £ M. Similarly, it follows that 
S(i, {s}) is a hyperplane in M'^'^t') for each s G M. 

Now, the set of vectors {★ ^ oj, : 1 < i < d} in M'^ is linearly independent 
since the same is true of {ai . . . ,ad}. Consequently, we may decompose M'^ into 
parallelepipeds whose faces are contained in hyperplanes of the form (fT8|) , 1 < z < d. 
We will use this to decompose the cube Q. As we will see, a regular decomposition 
of M.'^ into parallelepipeds of equal size and adapted to a lattice (where for each 
i, the sequence of parameters s^'^ that we choose is in arithmetic progression) will 
not sufRce to prove Lemma 13.11 Furthermore, as we have already outlined, the 
nonlinearity of the mappings Bj makes it natural to place relatively narrow "buffer 
zones" between the parallelepipeds. Following the approach in [4j we use a simple 
pigeonholing argument in Step II below to position the buffer zones in an almost 
regular manner. This leads to the corresponding decomposition of Q which we 
write down in Step III. 



Step II: Choosing where to slice 

For each 1 < z < c? we claim that there exists a sequence {s\^^)k>i such that 

(19) sl:^ + ^iro<s^l<s^+R"o 

and 

Proof. We shall choose the sequence (s[!'')fc>i iteratively. We begin by choosing s^*'' 

to be any real number such that i3cr(i)('9) ^ ^{h [s'lK oo)). Suppose that we have 

chosen Si \ . . . , s^*-* for some k > I. Now let N be the largest integer which is less 

than or equal to Set Co'^ = s^'^ + and then define = Cn-i+R°" 

iteratively for 1 < n < so that 

N 
n=l 

Then, 
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and therefore by the choice of Rq in (fTTj) and the pigeonhole principle, there exists 
Sfc+i such that holds and 

that is, (HOI) also holds. □ 



Step III: The decomposition of Q 

For each 1 < i < d and fc > 1 let J(i, k, 0) and J{i, k, 1) be the intervals given by 
J(z,fc,0) = (s« + |i?"SsWi + ii?"^] 

and 

j(i,fc,i) = [s« + ii?"s4*) + |i?"^]. 

It will be convenient to let k denote the vector of indices (fci, . . . , kd) £ 1^ ■ The 
decomposition of Q we use is given by 

(21) Q^\}P^. u U U vt\ 

keZ'' n=l kez<* 

where 

d 

(22) Pk= n^^-w(0)-iS(z, J(z,fc„0))nQ 

1=1 

and 

d 

pL"^ - n'^^-w(o)"'s(^''^(^'^»'Xn(»)))ng. 

i=l 

Here, {xo, Xij • ■ • ■ X2''-i} denotes the set of all maps from {1, . . . , d} to {0, 1} and 
Xo({l,...,d}) = {0}. 

The Pk are large parallelepipeds (intersected with Q) which form the main part of 
our decomposition. The pj^"'* are small parallelepipeds (intersected with Q) which 
sit between the Pk and decompose the buffer zones. Of course, Pk is equal to 'p"^\ 
although we shall continue to use the former notation to accentuate the geometry 
of the decomposition. 

Step IV: Disjointness 

In this step we make precise the role of the buffer zones. For each 1 < j < m, 
k G Z"* and 1 < n < 2'* - llet 

T(n,k) = U 
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and 

T(")(n,k)= U p[-\ 

nj£=njk 

It is the disjointness of the images of such sets under the mapping Bj that is crucial 
to the induction-on-scales argument which follows in Step V. 

Proposition 3.2. Fix j^n with 1 < j < m and I < n <2'^ — l. Whenever kji E 1^ 
are such that Iljk; 7^ Ilj£ then 

(23) B,(T(n,k))ns,(T(n,£)) = 

and 

(24) BjiT^"\Ujk)) n s^(T(")(nj£)) = 
To prove Proposition 13. 21 we use the following. 

Lemma 3.3. For each I < j < m there exists a map $j : K'' ^ K'' such that 

(1) $j(0) = and d$j(0) is equal to the identity matrix I^; 

(2) Bj = dBj{0)oci>j; 

(3) \\d^jix) - d^j{y)\\ < 2k\x - y\l^ for each x,y e Q; 

(4) \x - ^j{x)\ < 2dKR^+f^ for each xeQ. 

Proof. Let 1^^ be the invertible dj x dj matrix obtained by deleting the fcth column 
of dBj{0) for each k G ICj. For k € ICj define the kth component of ^j{x) to be 
Xk- Define the remaining dj components of ^j{x) by stipulating that the element 
of M'^J obtained by deleting the fcth components of <i>j {x) for k £ ICj is equal to 

I-'(b,{x)-- ^kdB,{0)eX 

Then a direct computation verifies that Properties (1) and (2) hold for ^j. Also, 

\\d^,{x) - d$,(2/)|| = ||7^/(dB,(x) - dB,{y))\\ < 2k\x - yf, 

since \\Idj — Id, \\ < 1/10, and therefore (3) holds. Finally, Property (4) follows from 
Properties (1) and (3), and the mean value theorem. □ 

Proof of Proposition \3.SX We shall prove ((23|) . It will be clear how to make the 
minor modifications in order to prove (j24p . 

From the definition of Pk in (EH) observe that 

T(n,k)c Pi d5,(,)(o)-iE(i, j(i,fc„o))nQ. 

The important point here is that since {oi, . . . , a^} is a linearly independent set we 
know that 

Pi {{Zr ■.r^i}) = ({a,. : r e /Cj}) = kerdi?j(0). 
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Suppose Iljk; ^ Ilj£ and, for a contradictfon, suppose that z — Bj{x) ~ Bj{y) 
where x G T(njk) and y G T(Ilj£). By HH) it follows that for each i ^ !Cj there 
exist s(*)(a;) G J(i,ki,Q) and s^''-\y) G J{i,li,0) such that 

2 



and 



/x,*/\ar\^s^'\x) 









Or 



Therefore 



y,* f\a 



whenever i ^ /Cj. Since Hjlt 7^ we have that ki^ ^ for some zq ^ /Cj which 
implies that 

On the other hand, since x and y belong to the fibre BJ^[z) it follows from Lemma 
[3312) that and belong to dBj{0)-^{z). Thus, there exists G M"* 

such that dBj{0)xz — z and 

{$j(a;) - Xz,<t>j{y) - x^} C kcTdBj{0). 

Since io ^ JCj and ker(ii?j(0) = {{dr : r G /Cj}) it follows that ^ [\^^i^'dr belongs 
to the orthogonal complement of kerdi?j(0). Therefore, 



x-a;^,* l\ ar) - (y - x^,-k a, 

X - {^j{x) - Xz) - X^,* /\ flry 



By the Cauchy-Schwarz inequality and Lemma I3.3r 4) it follows that 



(x-y,* f\ ar) 


< 4dKR^+^ 


-k ^ Gr 









Since | * Ar=iio Orl > 1/2 it follows that 2AdKR^+^ > For a sufficiently smaU 

choice of Cd, this is our desired contradiction. □ 



Step V: The conclusion of the proof of Lemma 13.11 via the discrete case 
We shall make use of the following discrete version of Proposition 11.11 
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Proposition 3.4. (J^J) If Fj G £ (Z^ ) is nonnegative for each I < j < m then 

m m / \ 



From Step III it follows that 



2°-l 



where 



and 



/ n Wo^x))^' = Ao + ^ A„ 

P m 

= E / \{Ub,{x))^- dx 

^ m 



for 1< n < 2'' - 1 



The vectors {* Afc^ij: '^fe : 1 < i < d} are normal vectors to the faces of the paral- 
lelepipeds defining Pk and p"^^ and by pT|) , 



* /\ak - Ct 



< 



10' 



Thus, each Pk and p^"^ is contained in an axis-parallel cube with sidelength equal 
to 2P"o. 



The main term: Aq. It follows that 

^ ru m / r. \ m-l 



where 



/s,(T(n,k)) 



Hence, 



E / ri/,(S,(:^))^^i^<C(2P"",M)n( ^ 



by Proposition I3.4[ Consequently, by Proposition [321 

n /,(P,(x))^ dx < C(2P"«, M) [] / /; 

>_ \ / TO -j 



NONLINEAR BRASCAMP-LIEB INEQUALITIES 15 

The remaining terms: the A„. To allow us to capitalise on the pigeonholing in 
Step II we need the following. 



Lemma 3.5. For each I < i < d we have 

R 



di3,(,)(0)-iS(z, J{i, h, 1)) n Q C B ,i.S(i, [s^ls^ + i?"^]) n Q. 



Proof. Suppose x £ Q and c?i3o.(j) (O)a; e J{i, ki, 1)). Write 

{1, . . . , d} \ (/C,(,) U {i}) = {n(l), . . . , - 1)} 

with n(r) < n{r + 1), and let /rf^j-, be the (io-(i) x d^^i^ matrix whose rth column is 
equal to 



for 1 < r < c?o-(i) ~ 1 a-iid 



for r = (io-(i) ■ Then 



dB„(i)(0)*/\a; 



(26) dS„(,)(0)x = /,„^., J,) 
for some y e and s^*' G R. 

Since B^i^^^ (0) = it follows from the mean value theorem that 

(27) {x) - d5,(,) (0)x| < 

By (fTB)) and PT)) we have that is an invertible matrix with ||/^^. || < 2. 

Therefore, by ^ and (P?]) . 

for some (u,C^*^) e R'*''<'> with IC^'^I < 2dKR^+^. It follows that 

< s(^) + ^H) < + 
for Cd sufficiently small and hence 

5,(,)(x)GS(i,[s«,5«+i?"^]), 
as required. □ 

Fix 1 < n < 2^* — 1 and suppose 1 < i < d is such that Xn(i) — 1- Exactly as with 
the term Aq above, we can use Proposition 13.41 to deduce that 

E /, >n/^(^^(^))"^'^^=^c'(2i?-,M)n E L ■ 
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Now 



n E L I 



E I U)) n E A z 



< 



E A , /^w n . 



where the inequahty follows from Proposition 13.21 Since i ^ ICa-[i), 

E /- •^^(0 ^ E E /- •^^(' 

;^K;„(,,u{i} 

and furthermore 

y T(")(n,(,)k) cdB,(,)(o)-is(i,j(i,A:„i))ng. 

fci: 

i^K;<,(i)U{i} 



Using Lemma 13.51 we have 



k,: 



and therefore 



^ ii3„,.)(T(")(n„(,,k)) JE(^[sW,4-/+i?=i]) 



is(i,[sW_, + ifl=o,4')_^+i?=o]) 



by Proposition 13.21 and (I^Dl) . Summing in fc.j it follows that 



and consequently 
(28) 

^" = E / , , n ^(^.(^))^ dx < AR^C{2R'^«,M) [] / /, 

k6Z^ ^pL"' j = 1 j = 1 

The inequality ([15]) follows from (^5]) and (pS)). This completes the proof of Lemma 
O □ 

Proof of Provosition \2. 1\ For Q < R < Rq < (1/4)^/"""^ it follows from Lemma 
lOthat 



(29) C(i?,M) < (l + 10'*i?^^^)C(i?/2,M). 
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Applying ([29]) iteratively N times we see that 

N-l 

C(i?o,M) <C(i?o/2^,M) n (l + 10^(i?o/2')^^)- 

1=0 

The product term is under control uniformly in N because 

Af-l 7V-1 



1=0 1=0 

^1 



log n (1 + 10'^(i?o/2')'») = J2 (1 + 10'(i?o/2') 

a -a ^ 



i=0 



< 



1-2-^ 

We claim that C{Rq/2^ , M) < 10'' for sufficiently large. To see this, suppose 
B G B{P, K, ao, ai,Xo), Q — Q{xq, is a subcube of Q{xo, Rq) and the input 

f is such that fj belongs to L\j{M.'^^), 1 < j < m. For any x G Q, 

\Bj{x) - {B,{xq) + dBj{xQ){x - xq))\ < k\x - xqI^+I^ < 1/M 

if N is sufficiently large (depending on f3,K,d and M). Since fj G L\,j{M.'^^) it 
follows that 



-'Qj=i -'Q-{^q}j=i 
Now 

\\dB,{xQ)-Ilj\\ = \\dB,{xQ)-dB,{xo)\\ < J^, 
which implies that 



dx. 



m ^ 

* /\*X,{dB,{xQ)) > -, 



and therefore 



by Proposition ll.il 

Thus, we have shown that 

C{Ro,M) < lO'^exp 

that is, 



10'*i?o'"-' 
1 _ 2--^^ 



(30) / n/,(i3,(x))^dx<io''exp In 

jQixoMo) jj{ \ 1 - 2"^^ / jVl 
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for all fj e L\,j{K.'^^), 1 < j < m. Since the constant in (f30|) is independent of AI, 
it follows that the inequality is valid for all fj £ L^(M'^j ). This completes our proof 
of Proposition im □ 

Remark 3.6. In Theorem 1 1.3[ the smoothness assumption that each mapping Bj 
belongs to C^'^ may be weakened. Suppose that each Bj is a submersion in a 
neighbourhood of xq such that the modulus of continuity of dBj, which we denote 
by u>dBj , satisfies 

where, for some < S < 1, fl satisfies the summability condition 

CXD 

(31) ^r!(2-')i-'^ < oo 

1=0 

and K is a positive constant. Without significantly altering the above proof, one 
can show that Theorem 11.31 holds under such a smoothness hypothesis. Of course. 
Theorem 11.31 corresponds to il{R) = with /3 > 0. It is of course easy to choose 
n satisfying Rl^ ^ o{Q{R)) as i? ^ for aU /3 > 0, and still satisfying dST]); for 
example, n{R) = (logl/i?)-^. Naturally, one pays for allowing a lower level of 
smoothness in the size of the neighbourhood on which the estimate in ([7]) holds. 



4. Applications to harmonic analysis 



The applications which we present here rest on the following multilinear Radon- 
like transform estimate which we shall deduce from our nonlinear Brascamp-Lieb 
inequalities (Theorem II. 3p . We note that the case d = 3 of Proposition 14.11 below 
was proved in ^ as a consequence of the nonlinear Loomis- Whitney inequality. 

Proposition 4.1. Let (3,e,K > Q be given. If F : {W^-^y-^ M is such that 
\\F\\(ji,i3 < K and 

det(V„,^^(0),...,V„,_,^^(0))| >e, 

then there exists a neighbourhood V of the origin in (R''^^)''^^ , depending only on 

d, /3, s and k, and a constant C depending only on d, such that 

(32) 

d 

/ fi{ui) ■ ■ ■ fd-i{ud-i)fd{ui + ■■■ + ua-i)5{F{u)) du < Ce-'/^^-'^ [] II/, Il(d-i)' 

•'V j=l 

for all fj e L(''-i)'(R''-i). 

Proof. Without loss of generality we may suppose that there is a point a belonging 
to a sufficiently small neighbourhood of the origin in (R''~^)''~^ (depending on at 
most d, P, £ and k) such that F{a) = 0; otherwise the neighbourhood V in the 
statement of the proposition could be chosen so that the left-hand side of ((32|) 
vanishes. By considering a translation taking a to the origin, we may suppose that 
a = Q. (Here we are using the uniformity claim relating to the neighbourhood V .) 



Furthermore, we may assume that 

(33) Vu,F{Q) = e,, 
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the jth standard basis vector in M*^ ^, for each I < j < 1. We shall see that the 
full generality of Proposition 14. II follows from this case by a change of variables. 



Fix fj e L'-'^-^y {R'^-^) which we take to be nonnegative without loss of gener- 
ality. We proceed in a similar way to the proof of Proposition 7 of 7 . Since 
'^(ud-i)d-i-^i^) = 1 it follows that there exists a neighbourhood W of the origin in 
and a mapping rj : W ^M. such that for each 



X = (Wi, . . .,Ud-2, (Wd-l)l, • ■ • , {ud-l)d-2) e W 

we have 

(34) F{x,ri{x)) ^0. 

The neighbourhood W depends only on f3 and k, and the mapping rj satisfies 
||??||ci''^ ^ ^ for some constant k which depends only on d, /3 and k. Our claims 
follow from the implicit function theorem in quantitative form. For completeness 
we have included an adequate version in an appendix. 

Let Bj -.W ^ M'^^i be given by 

Bj{x) = iX(^d-l)3-d+2, ■ ■ ■ ,X(d~i)j) 



for 1 < j < d - 2, 



and 



Bd-i{x) = ix(d-iy^-d+2, • ■ • , 77(x)), 



Bd = Bi + --- + B, 



We claim that there exists a neighbourhood U of the origin, with U C W , depending 
only on d, [3 and k, and a constant C depending on d, such that 

/d d 
X{fj{B,{x))dx<cX{\\},\\(d-iy. 

Since the subspaces ker(ii3i(0), . . . ^Vev dBd{0) are such that at least one pair has a 
nontrivial intersection, we cannot directly apply Theorem 1 1.31 to B = {Bj) in order 
to prove ([55]) (except in the special case d = 3 - see [7 ). It is, however, possible 
to construct mappings Bf : R''('^-2) _^ ^(d-i)(d-2) for 1 < j < d in block form so 
that 

d 

(36) 0kerdBf(O) = 

We fix 1 < j < d and define Bf : R<^('i-2) ^ R(rf-i)(rf-2) follows. Let S'^^'> be the 
(d — 2)-tuple obtained by deleting j and j + 1 (mod d) from the d-tuple (1, . . . , d). 
Q Then define Bf : R^id^^) _^ ^{d-i){d-2) 

Bf{x) = (B^o)(a;),...,B^o) (x)). 



^There is some freedom in the choice of the 5'^' ; we only require that the components of each 
SU) are distinct and that for each fixed k € {I, . . . ,d} there are exactly d — 2 occurrences of k 
over all the components of S^^\ . . . , S^'^K 
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To see that ([36l) holds, we compute the required kernels using the fact that 

keidBfiO) = Pi kerdB^o)(0) 



(=1 



and using straightforward considerations. In order to write these down we write 
elements of ] 



(Ul, U2, • • • , Ud-3, Ud-2; Ud-l) 

where each uj E M*^"^ and Ud-i G M*^^^. Then, using ([55)1 and we have 
kerdB®(0) = {(u, -M, 0,0, . ..,0,0,0; 0) : u G (ei - ea)^}, 
kerdB^(O) = {(0, u, -u, 0, . . . , 0, 0, 0; 0) : u G (ej - 63)^}, 

ker dB®_3(0) = {(0, 0, 0, 0, ... , 0, u, ~u; 0) : u G {ed-3 - ed-2)^}, 
ker dB®_2(0) = {(0, 0, 0, 0, ... , 0, 0, u; {-ui, . . . , ~Ud-2)) : u G {ed-2 ~ ed-i)^}, 
kerdS®_^(0) = {(0, 0, 0, 0, . . . , 0, 0, 0; w) : u G R'^-^}^ 
kerdB®(0) = {(m, 0, 0, 0, . . . , 0, 0, 0; 0) : u G (ei)^}. 
An elementary calculation now shows that (|36[) holds. 

Consequently, it follows from Theorem 11.31 that there exists a neighbourhood U of 
the origin, depending on d, /? and k, and a constant C depending on d, such that 



(37) / f[g,iBf{x))dx<cf[\\g,\\d^, 

for aU gj G i''-i(R('^-i)(''-2)). Now, if /f G L'^-\Rid-i){d-2)^^ jg gj^g^ 



'3 

d-2 



=1 



then by construction, 

d 



f[ffiBf{x))dx^ I X{f,{B,{x))dx 

A 1 ^ U A 1 



and 

d d 

nii/fii'^-i=nii/^-ii('^-i)'- 

Hence, ([55]) follows immediately from ([57]) . 

Finally, by the mean value theorem, it is easy to see that there is a neighbourhood 
V of the origin in (R'^^^)'^^^, depending only on d, /3 and k, such that 

/ /iK)---/d-i(wd-i)/d(ui + .-- + Wrf_i)5(i^(M))du<2 / r[/,(B,(a:))dx. 
Jv ''^3=1 
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Hence, whenever Vjj^.F(O) = ej and Hi^H^i.^ < k there exists a neighbourhood V of 
the origin in (K''^^)''^^, depending only on d, (3 and k, and a constant C depending 
only on d, such that 

(38) / • • • fd-i{ud-i)fd{ui + ■■■ + Ud-i)S{F{u)) du<Cl[ \\fj\\(d-iy 
for all f.j e L'^'^-^y {W^-^). 

Now suppose that F : [W^-'^Y-'^ ^ M is such that < n and 

(39) I det(V„,^^(0), . . . , V„,_,^^(0))| > e. 

Let A® be the block diagonal {d — 1)^ x (d— 1)^ matrix with d — 1 copies of the 
matrix 

A-(V„,^^(0),...,V„,_,^^(0))^ 
along the diagonal. Then, by the change of variables u i— > A®u it follows that 

/i("i) ■ • • fd-i{ud-i)fd{ui H h Ud-i)5{F(u)) du 

V 

= I det(A)r('^-i) / /i(mi) • • • fd-i{ud-i)fd{ui + ■■■ + Ud-i)5{F{u)) du 

J A®{V) 

where fj = fj o and F = F o (A®)^^. The neighbourhood V of the origin shall 
be chosen momentarily. 



By ((39)) it follows that the norm of A^^ is bounded above by a constant depending 
on only d, e and k. It follows that the same conclusion holds for the C^'^ norm of 
F. Since, by construction, V„^.F(0) = ej, and by l[38|) . it follows that there exists 
a neighbourhood V, depending on only d, /3, e and k, and a constant C depending 
only on d, such that 

^ d 
/ /i(wi) • • • fd-i{nd^i)fd{ui + ■■■ + Ud-i)6{F{u)) du<CT\ ||7,||(d-i)'. 

Therefore, by p9l). 



/i(mi) • ■ • fd-i{ud-i)fd{ui H h Ud-i)S{F{u))du 

d d 
< C\ det(A)ri/('^-i) n < n 



This concludes the proof. □ 



We now turn to the applications of Proposition 14.11 



22 



JONATHAN BENNETT AND NEAL BEZ 



4.1. Multilinear singular convolution inequalities. Given three transversal 
and sufficiently regular hypersurfaces in M"^, the convolution of two functions 
supported on the first and second hypersurface, respectively, restricts to a well- 
defined function on the third. Under a C^''^ regularity hypothesis and further 
scaleable assumptions, this was proved by Bejenaru, Herr and Tataru in 4] by 
an induction-on-scales argument. (It was a desire to explore this approach that 
led to the current paper.) We note that the inequality underlying this restriction 
phenomenon also follows from the nonlinear Loomis-Whitney inequality in [7], 
although under a stronger regularity hypothesis and a local transversality condition. 
Here we show that natural higher dimensional analogues of this phenomenon may 
be deduced from Proposition 14. II 

For d > 2 and I < j < d, let U-j be a compact subset of R'^^i and Sj : Uj 
parametrise a C^'^ codimension-one submanifold 5"^ of R''. Let the measure daj on 
M'' be given by 

/ ip{x)daj{x)— I ip{'ilj[x')) dx\ 

Jr'^ JUj 

where ip denotes an arbitrary Borel measurable function on . Observe that daj 
is supported on Sj and has the representation daj{x) ~ 6{'Sj{x'))xUjix')dx. 

Theorem 4.2. Suppose that the submanifolds Si, . . . , Sd are transversal in a neigh- 
bourhood of the origin, 1 < (? < oo and p' — (d — l)q' ■ Then there exists a constant 
C such that 

d 

(40) ll/idcTi * • ■ ■ * fddaaWLiiW) < C* H Wfih^idcr,} 

for all fj G LP{daj) with support in a sufficiently small neighbourhood of the origin. 

Remark 4.3. (i) The exponents in Theorem 14.21 are optimal, as may be seen 
by taking fj to be the characteristic function of a small cap on Sj . As such 
examples illustrate, at this level of multilinearity, the transversality hypoth- 
esis prevents any additional curvature hypotheses on the submanifolds Sj 
from giving rise to further improvement. See [6] for further discussion of 
such matters. 

(ii) Certain bilinear versions of Theorem 14.21 are well-known and discussed in 
detail in [17]. In particular, it follows from [18 that for transversal Si and 
S2 (as above), which are smooth with nonvanishing gaussian curvature, 
there is a constant C for which 

The exponent 3^32 ^^^^ optimal given the norm on the left-hand side. 
The case d = 3 of this inequality was obtained previously in [TS]. See for 
instance [9] for earlier manifestations of such inequalities. 

(iii) In particular, when q = 00 inequality (|40p implies that 

d 

fidai fddadiO) < n Wfihi"-^)' (da,)- 

By duality, this is equivalent to the statement that, provided /i, . . . , fd-i 
have support restricted to a sufficiently small fixed neighbourhood of the 
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origin, then the multihnear operator 

ifi, fd-i) ^ fidcTi *■■■* fd-idad-i 

Sd 

is bounded from i('*-i)'(dcri) x ••■ x L^'^-^y (daa-i) to L'^-^idaa). For 
d = 3 this is a local variant of the result in [4J. 
(iv) The proof of Theorem 14.21 (below) leads to a stronger uniform statement, 
whereby the sizes of the constant C and neighbourhood of the origin may be 
taken to depend only on natural transversality and smoothness parameters. 
We omit the details of this. 



Proof of Theorem \4-S\ By multilinear interpolation and the trivial estimate 

d 

Wfidai fdd(Jd\\L^(M_d) < J]^ ||/j|Ui(d^^), 

it suffices to prove Theorem 14.21 for 17 = 00. 

By considering a rotation in ^ we may assume without loss of generality that 
the submanifolds Sj are hypersurfaces; i.e. given by ^j{x') — {x' ,(t)j{x'j) for C^'^ 
functions (pj : Uj —^ M. Now, for fj supported on Sj for each I < j < d, and any 
y S Mf^ we may write 



fidai * • • • * fdd(Td{y) 

« d 

= I T\ fA^i)^i^jd- (t>]{x[,))5(:Xl^ \-Xd-y)dxi---dxd 

d 

n + --- + x'd- + • • • + Mx'd) - yd) dx 



= n 9jix'^)^ix'i H ^x'd- y')S{(l)i{x[) H h (t)d{xd) - yd) dx[ ■ ■ ■ dx[ 

JUiX---xUd j^i 
~ d-1 

= / Y[93{x'j)9d{x[ + --- + x'd_i)S{F{x[,...,x'd_i_))dx[---dx'd^;^ 

JUiX--xUd-i j^i 

where 

9 J (x'j) ■■= fj{x'j,(l)j{x'j)), gd{u) -.^ gd{y' ~ u) 

and 

F{x'i, ■ ■ ■ ,2:^-1) = (l)i{x[) + h (l>d-i{x'd^i) + My' - {x[ H ^x'd_i)) - yd- 

Observe that F e C^'^ uniformly in y belonging to a sufficiently small neighbour- 
hood of the origin, and that by the transversality hypothesis (combined with the 
smoothness hypothesis) , 

det(V.;F(0),...,V.,_^nO)) = det(^;^(^^ ^J^^^^ V<A.V) ) ^ " 

similarly uniformly. Theorem 14.21 now follows bv Proposition 14. II □ 
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Estimates of the type (j40|) are intimately related to the multilinear restriction theory 
for the Fourier transform, to which we now turn. 



4.2. A multilinear Fourier extension inequality. Very much as before, let U 
be a compact neighbourhood of the origin in M"^^^ and S : ?7 — > M'' parametrise 
a C^'^ codimension-one submanifold S of M'*. To the mapping S we associate the 
operator £, given by 

£9(0 = / 5(2:)e^<«'^(^» dx; 



here g G L^{U) and ^ G W^. We note that the formal adjoint E* is given by the 
restriction £* f = /oE, where ^ denotes the Fourier transform on W^. The operator 
£ is thus referred to as an adjoint Fourier restriction operator or Fourier extension 
operator. 

Suppose that we have d such extension operators fi, . . . , f^, associated with map- 
pings El : C/i R"^, . . . , Srf : [/rf R'^ and submanifolds 5*1, ... , Sd- 

Conjecture 4.4 (Multilinear Restriction [7], [6]). Suppose that the submanifolds 
Si, . . . , Sd are transversal in a neighbourhood of the origin, q > and p' < ^^q- 
Then there exists a constant C for which 

for all gi, . . . , gd supported in a sufficiently small neighbourhood of the origin. 

Remark 4.5. Conjecture 14.41 implies Theorem 14.21 To see this we first observe 
that for any function /-,- on Sj, fjdaj = £jgj where gj = fj oHj. Now, if 2 < g < oo 
and p' = (d— l)^', then by the Hausdorff- Young inequality followed by Conjecture 
1131 



d 

Wfidai * • • • * fddadWLiiR") < \\Yl£j9j 



d 



Li' (B<*) 



<Cl[\\gj\\LHU,)^Cl[\\f,h.ida,)- 

This link was observed for d = 3 in [4] . 

In [B] a local form of Conjecture 14.41 was proved with an e-loss; namely for each 
e > the above conjecture was obtained with (|¥T|) replaced by 

(42) lln^^-^4,/^(B(o.))^^^^^n""^^-"|-(^^)' 

for aU i? > 0. 

In [7] the global estimate (|¥T|) was obtained for d = 3 and q = 6. Here we extend 
this global result to all dimensions. 
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Theorem 4.6. If Si, . . . , Sd are transversal in a neighbourhood of the origin then 
there exists a constant C such that 

d d 
(43) \\Y\Si9j <C'TT|l57|| 2d-2 

for all gi, . . . , gd supported in a sufficiently small neighbourhood of the origin. 



Proof. By Plancherel's Theorem, ((43|) is equivalent to the estimate 

d 

Wfidai fddadWL^w.-^) < C* TT ll/jL 

J = l 

where as before we are identifying fj with gj by gj ~ fj o . Theorem 14.61 now 
foUows immediately from Theorem 14.21 □ 

Remark 4.7. The Lebesgue exponent on the right-hand side of is best- 
possible given the norm on the left. Again, at this level of multilinearity, the 
transversality hypothesis prevents any additional curvature hypotheses from giving 
rise to further improvement. See [5| for further discussion. 

Appendix 

We provide a quantitative version of the implicit function theorem for C^'^ functions 
which we used in the proof of Proposition 14. II 

Below we use the notation B{0, R) to denote the open euclidean ball centred at the 
origin with radius i? > in either M" or R; the dimension of the ball will be clear 
from the context. Similarly, we denote by B{0, R) the closed euclidean ball centred 
at the origin with radius R > 0. 

Theorem 4.8. Suppose n £ N and /3, k > are given. Let _Ri, i?2 > be given by 

(44) i?i = -r-r-T min 1 1, 1 and R2 ~ -, zttt;- 

IfF : M" X K ^ M IS such that \F\\c^.0 < n, F(0,0) = and 9„+iF(0,0) = 1 then 
there exists a function rj : -6(0, i?i) — > -5(0, R2) such that 

F{x,r]{x)) = for each x belonging to -0(0, -Ri), 

and a constant k, depending on at most n,(3, and k, such that \\ri\\c^-ff ^ 

Proof. The proof proceeds via a standard fixed point argument applied to the map 
: B{0, R2) given by 

for fixed x G -8(0, -Ri). We shall prove that '^x is a contraction which maps -8(0, R2) 
to itself. 

Let $ : (M" x M)^ ^ M be the map given by 

F{x2,ri2) - F(xi,77i) - dF{xi,rii){x2 - xi,t]2 - rji) 



\{x2 - xi,r]2 - r]i) 
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whenever (0:1,771), (2:2, '72) G x R are distinct, and zero otherwise. By the mean 
value theorem and the fact that jji^H^i.^ < k it follows that $ is everywhere con- 
tinuous and 

(45) m{xi,m)Ax2,V2))\<l/4: foraU (x, , 77,) G B(0, i?2) x B(0, i?2). 

For each 771, 772 G B{0, R2) we have 

"^xim) - *x(?/2) = (1 -9„+ii^(x,77i))(77i -772) + 4'((.T:,77i),(a;,7;2))|77i -772I. 
Since 9„+iF(0,0) = 1 and < k it follows that 

(46) |1 -a„+iF(a;, 77)1 < 1/4 whenever (x, 7;) G B(0, i?2) x B(0, i?2). 
Hence, by (gS]) and (gS]) it follows that 

(47) \^M--^x{'n2)\<\\r]i-m\ 

and is a contraction. 

Now let 77 e B(0, R2). Using the hypothesis ||-F||ci.'3 < along with ([47| and (|44|) . 
it follows that 

l*x(ry)l < l^'.(ry) - *x(0)| + |*x(0)| < i?2. 

Hence \E'a;(i3(0, i?2)) ^ -8(0, i?2)- By the Banach fixed point theorem, there exists 
a mapping 77 : i?(0, i?i) B{0,R2) such that 5'j,(7;(a;)) = 77(x), or equivalently 
F{x, ri{x)) = 0, for each x e 5(0, i?i). 

It remains to show that 77 belongs to C^'^ and ||77||pi./j < k for some constant k 
depending on at most n, j3 and k. To see that rj is differentiable, fix x, /i G 5(0, i?i) 
such that a; + /i G i?(0, i?i). Since F(a; + /i, 7;(a; + /i)) = F{x^ vi^)) it follows that 

di^(a;,77(a;))(/7,77(.T+/i)-77(a;)) + $((a;,7;(a;)), (a;+/i, 77(x+/i)))|(/7, 77(.T+/i)-77(a;))| = 

and therefore 

dn+iF{x, ri{x)){ri{x + h) - 77(0;)) 

= -{V:cF{x,r]{x)),h) - ^{{x,'n{x)), (x + h,T]{x + h))\{h,r]{x + h) - r]{x))\. 

Note that by (gSD and (gS]) it follows that 

\rj{x + h) - r]{x)\ < C\h\ 

for some finite constant C independent of h. Moreover, $ is continuous and vanishes 
along the diagonal. It follows that 7/ is differentiable at x and 

_ V.J^(x,77(x)) 
'^''^'^^ a„+iF(a:,7;(a:))- 

Using < K and (|46p one quickly obtains the inequality ||77||ci,0 < k for 

some constant k depending only on n, [3 and n. □ 
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